We consider electromagnetic waves propagating in a periodic medium characterized by two small scales. We perform the corresponding homogenization process, relying on the modelling by Maxwell's partial differential equations.
Introduction
Homogenization results for Maxwell's equations, by the classical method of asymptotic expansions or more recently by two-scale convergence, are well know, see for instance [2, 3, 4, 5, 6, 19] .
Let us first recall Maxwell's equations framework, see [7, 8, 9] . Let ª Ê ¿ be a physical domain. Then electromagnetic propagation of waves in ª are described by four (Ê ¿ ) vector valued functions , , , À of´Ü Øµ ¾ ª ¢ Ê. is the electric induction, the electric field, the magnetic induction and À the magnetic field. Introducing furthermore the charge density ± ±´Ø Üµ and current density Â Â´Ø Üµ of charges inside ª, one has Maxwell's equations in Note that the densities of current and of charge satisfy the continuity relation or charge conserva-
as in fact follows also from (1.1).
Herein, we assume linear behavior laws, that is proportionality of fields and induction, « À (1.3) Above and « are the magnetic permeability and electric permittivity and these are assumed constants to simplify here. Recall that in general, this linear behavior is not true for usual electromagnetic media and we hope to get back on this non linear aspect (in this direction see however [9] ).
Moreover, we simplify Maxwell's equations by looking to the very special harmonic case (note that Â should satisfy some kind of Ohmic law). However, let us mention that most if not all of our results below should be extended easily to cover time dependent case.
Let us recall quickly these facts, referring for much more details in standard books such as [7, 8, 9] .
Set (note that we use the same capital letters for functions of´Ø Üµ alone or for functions Ü alone)
´Ü Øµ ÜÔ´ Øµ ´Üµ À´Ü Øµ ÜÔ´ ØµÀ´Üµ (1.4) Â´Ü Øµ ÜÔ´ ØµÂ´Üµ (1.5) and ´Ü Øµ ÜÔ´ Øµ ´Üµ ´Ü Øµ ÜÔ´ Øµ ´Üµ (1.6) Note that the new vector valued functions , , À and should be considered as complex valued. Such problems will not be studied herein, firstly in order to limit the length of the paper, and most importantly because test functions to be used are rather different. These points will be discussed in a forthcoming paper. where É AE´ µ ½ Ì denote the balls strictly included within ª. As a matter of fact, note that the balls do not intersect the boundary ª.
We shall study the above problems under one of the following scaling assumptions
where ¼ ½ is strictly positive fixed constant.
Finally, we shall always assume (at least) that ¶ weakly in Ä ¾´ª µ ¿´À È µ ¿ as ¼, where ¡ denotes the extension by zero in the holes.
In this paper, we shall be concerned with the asymptotic behavior as
Before stating the corresponding mathematical results, let us explain our motivation. The periodic perforate medium ª may be considered as one having two distinct di-electric constants or even holes may be considered as charged particles.
However, it should be observed that problems´È µ or´É µ studied herein do not really fit with a clear (or true) physical modeling of propagation of electromagnetic waves in such non homogeneous media.
There at least two points from the physical theory of Maxwell equations which are not really accounted for. Firstly, there is definitively a scaling problem between frequency and spatial scales which is not considered here. From mathematical sides, this question leads to very deep technics, in progress actually. To be short, we are assuming that spatial variations are small compared to wavelenghts.
Secondly, and this is surely one main point, if one looks to the holes as charged particles, the modeling by problems´È µ or´É µ is of course not true. One should for instance get back to
Maxwell equations, say in harmonic form, and take care of of the correct scaling and boundary conditions, involving scattering operators, see for instance [9] .
Lastly, in view of all these references, one should note that actually right hand member given data are surely first order distributions, and so some if not all of our constructions in this paper would have to be modified.
Having such ideas in mind, the above problems have therefore to be considered as a first step in order to tackle real physical problems, maybe as a background to test mathematical tools available up today.
Even in these simple and academic problems, some constructions displayed in this paper have to be adapted to more complex situations, and this is why we have started studying these ones.
Some of the defects mentioned above are actually worked out.
Our results are the following, see the notations below .
In section II. we show the following as regards to the homogenization of problem´È µ However, we skip the proofs of this fact.
We end this introductory section by recalling standard materials on mathematics related to probleḿ È µ.
Variational frameworks
We introduce the following standard notations, see for instance [7, 9, 13] À This is a variational framework which defines the self-adjoint and positive operator in À by (see [9, 13] 2 Proof of Theorem 1.
Proof of Theorem 1.a)
We divide the proof in several steps.
First step. Variational formulation and uniform estimates .
The corresponding variational formulation, according to the previous section 1.1, is given, for all and similarly for Ò Í.
Next, we state some Lemmas, which will be useful for the proof of Theorem 1. For each cell È included in ª, we construct Ï in one typical cell and repeat the process by periodicity. In the cells not strictly included in ª, we simply set Ï as equal to Á (Identity matrix of order 3 ).
Let È be a cell strictly included in ª. Recall that Ì denotes the boundary of the hole and has radius Ö . We consider the hole centered at and radius ¾Ö , denoted by . Therefore, we have divided the cell È in three subregions: Ì the ball centered at and radius Ö , for the circular annulus of small radius Ö and large radius ¾Ö and the exterior region È ´Ì µ. In Ì , we set Ï ¼ (null matrix). In È ´Ì µ we set Ï Á .
There remains to specify Ï in and we look (for reasons to be explained below) to Ï such
Since has exactly a scale of Ö unit, it is enough to look for Ï Ï´Ýµ (matrix-valued) defined for Ý ¾ Ý ¾ Ê ¿ ½ Ý ¾ , and satisfying
and then in each , we define Ï by Ï ´Üµ Ï´Ü Ö Ö µ, which clearly satisfies (2.14) if Ï satisfies (2.15). In fact, we shall display explicitly Ï . Firstly, note that 
Proof of Theorem 1 b).
First step. Uniform estimates.
As in the Proof of Theorem 1 a) above, one has Î .
Second step. Two-Scale convergence.
Since´ µ and´ rot µ are bounded in Ä ¾´ª µ ¿ , see [1, 12, 14] 
Proof of Theorem 2 b).
First step. Uniform estimates in À´rot ªµ.
Repeating the same lines of calculus, we get again similar uniform estimates, and thus we can assume that weak convergences (3.3) and (3.4) hold true. 
